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I. INTRODUCTION
Link scheduling is critical to achieving good network throughput in multihop wireless networks. The seminal work of Tassiulas and Ephremides [10] provided a throughputoptimal scheduler, which can schedule all attainable traffic flows without resulting an unbounded queue. However, this optimal scheduler has exponential running time in general. Thus various suboptimal scheduling strategies that trade-off throughput for simplicity have been proposed in [1] , [2] , [4] , [5] , [8] , [9] , [13] , [14] , [15] amongst others. Among them, the strategy Longest Queue First (LQF), also termed Greedy Maximal Scheduling (GMS) [5] , achieves the best throughput efficiency ratio while still enjoying the implementation simplicity. It selects in the first-fit manner a maximal independent set of links in the decreasing order of their queue lengths. At each step, the link with longest queue is selected and then this selected link and the links with which it interferes are removed from the list of candidate links. The selection terminates when there are no more candidate links.
Recently, Joo et al. [5] made a remarkable contribution to fully characterizing the throughput efficiency ratio of LQF. Built upon the prior works by Dimakis and Walrand [3] which presented sufficient conditions for LQF to achieve 100% throughput, they proved that the throughput efficiency ratio of LQF is exactly the local pooling factor (LPF) of the conflict graph of the communication links. The LPF is a pure graphtheoretic parameter. Thus, the works by Joo et al. [5] built an elegant bridge between a queuing-theoretic parameter and a graph-theoretic parameter. Under the 802.11 interference model with uniform interference radii, the LPF is shown to be at least 1/6 in [5] . Sparked by the works in [5] , Leconte el al. [6] and Li el al. [7] presented some properties of LPF. Leconte el al. [6] derived tighter lower bounds on LPF in networks of size at most 28 under the 802.11 interference model with uniform interference radii. Li el al. [7] gave an alternative definition of LPF and also introduced a refined notion of LPF. All of these bounds on the LPF are restricted to the 802.11 interference model with uniform interference radii. Little is known about the LPF, and accordingly the throughput efficiency ratio of LQF, under other interference models.
The main objective of this paper is to obtain tight lower bounds on LPF under the 802.11 interference model with arbitrary interference radii or the protocol interference model with arbitrary interference radii. Either of these general interference models lacks the rich physical nature of the wireless interference possessed by the 802.11 interference model with uniform interference radii. As the result, the bounding techniques developed in the early works [5] [6] [7] can hardly be employed to derive any tight lower bounds on LPFs under these general interference models. Therefore, we were pressed to develop some new powerful techniques for bounding LPFs under these general interference models. For this purpose, we first conduct a general graph-theoretic study of the LPF of an arbitrary graph in Section II. We discover an intrinsic relation between the LPF and a graph-theoretic parameter called inward local independence number (ILIN 
II. LPF OF GRAPHS
In this section, we present a general graph-theoretic treatment of the local pooling factors of arbitrary graphs. Let = ( , ) be an undirected graph. A subset of is an independent set (IS) of if no two nodes in are adjacent. If is a independent set of but no proper superset of is a independent set of , then is called a maximal independent set of . An independent set of the largest size is called a maximum independent set. Let ℐ be the collection of all independent sets of , and ℐ * be the collection of all maximal independent sets of . Denote by Ω * the convex hull of the incident vectors of sets in ℐ * . Then, Ω * is a polytope in the | |-dimensional spaces, and is referred to as the maximal independence polytope of . Define
The local pooling factor (LPF) of is * = min
We will derive two lower bounds on the LPF of in the two subsections respectively.
A. The First Lower Bound
In this subsection, we present a lower bound on LPF in terms of a graph-theoretic parameter termed as the inward local independence number. An orientation of is a digraph obtained from by imposing an orientation on each edge of . Suppose that is an orientation of . The inward local independence number (ILIN) of a node in is defined to be
The inward local independence number (ILIN) of is defined to be = max
The inward local independence number (ILIN) of , denoted by * , is defined as the smallest ILIN of all possible orientations of . The theorem below gives a relation between the LPF and the ILIN of , which provides a means to lower bounding the LPF. 
So our claim holds. Thus,
Hence, * = min
and Theorem 1 follows.
In the remaining of this subsection, we prove Lemma 2 holds. We will need the following property of node-weighted digraphs proved in [12] .
Lemma 3: Let be a digraph with vertex set . Then for any ∈ ℝ + , there exists at least one node ∈ satisfying ( ( ) ) ≥ ( ( )). The next lemma gives a fundamental property of the maximal independence polytope.
Lemma 4: Suppose that is an orientation of . Then for any ∈ Ω * ,
Proof: For each ∈ ℐ * , we use 1 to denote the | |-dimensional indication vector of . The inner product of any two | |-dimensional vectors and is denoted by ∘ . Consider any ∈ Ω * . Then, there exist a set of pairs
Then, for any subset of , we have
Now, we prove the second inequality in the lemma. For each
Therefore,
Hence, max
Next, we prove the first inequality in the lemma. We claim that for any node ∈ , ( [ ]) ≥ 1. Since each is a maximal independent set of , we have
Thus,
and hence the claim holds. By Lemma 3, there exists at least one node ∈ satisfying that
Hence,
So, the first inequality in the lemma holds.
We proceed to prove Lemma 2 using Lemma 4. Let be an orientation of satisfying that = * . By definition of LPF, there exist and in Ω * satisfying that ≤ . Let be the node in with the largest
. By Lemma 4,
Hence ≥ 1 2 * . Thus, Lemma 2 holds.
B. The Second Lower Bound
In this subsection, we present another lower bound on LPF in terms of a different graph-theoretic parameter termed as the inductive local independence number. This second lower bound has a very short purely graph-theoretic proof, and yet it can imply the lower bound on LPF provided in [5] which has a queuing-theoretic proof in [5] or an alternate proof based on the duality theory of linear programming in [7] . Let = ( , ) be an undirected graph. For any node , the local independence number (LIN) of in is defined to be
The backward local independence number (BLIN) of is defined to be * = max
The LPF and the BLIN of are related as stated below. 
So, Theorem 5 follows. Next, we prove Lemma 6 holds. The proof of Lemma 6 makes use of the following property of the maximal independence polytope.
Lemma 7: For any ∈ Ω * and any node
Then, for any ∈ we have
So, the lemma holds.
We proceed to prove Lemma 6 using Lemma 7. By definition of LPF, there exist and in Ω * satisfying that ≤ . Let be the node in with the smallest LIN. By Lemma 7,
Thus, Lemma 6 holds. Suppose that ≺ is a vertex ordering of . For each ∈ , ≺ ( ) denotes the set of neighbors of preceding in the ordering ≺, and
The backward local independence number (BLIN) of a node with respect to ≺ is defined to be
The backward local independence number (BLIN) of the ordering ≺ is defined to be max ∈ ≺ ( ). We show that the smallest inductive LIN of all vertex orderings in is exactly the inductive LIN * of . For this purpose, we describe a vertex ordering, referred to as smallest-LIN-last ordering, which will be shown to achieve the smallest BLIN among all vertex orderings. This ordering is constructed iteratively as follows: Initialize ′ to . For = down to 1, let be a vertex of the smallest LIN in ′ and delete from ′ . Then, the ordering ⟨ 1 , 2 , ⋅ ⋅ ⋅ , ⟩ is a smallest-LIN-last ordering.
Theorem 8: The smallest-LIN-last ordering achieves the smallest BLIN * among all vertex orderings. Proof: We first show that the BLIN of any vertex ordering ≺ is at least * . Let ⊆ be such that * = min
Let be the last vertex in the ordering ≺ such that ∈ . Then,
which implies
Next, let ≺ be the smallest-LIN-last ordering ⟨ 1 , 2 , ⋅ ⋅ ⋅ , ⟩ and we show that its BLIN is at most
By the selection criteria of , we have
Thus, the BLIN of ⟨ 1 , 2 , ⋅ ⋅ ⋅ , ⟩ is at most * . Therefore, the smallest-LIN-last ordering achieves the smallest BLIN * among all vertex orderings. Theorem 5 and Theorem 8 imply that the LPF of any graph is at least the multiplicative inverse of the BLIN of any vertex ordering of .
III. LPF OF MULTIHOP WIRELESS NETWORKS
Under either the 802.11 interference model or the protocol interference model, an instance of a network is specified by a finite planar set of nodes together with a communication radius function ∈ ℝ + and an interference radius function ∈ ℝ + satisfying that ≥ . The communication (respectively, interference) range of a node ∈ is the disk centered at of radius ( ) and ( ) respectively. The set of communication links and their conflict graph are defined as follows: 
under the protocol interference model. The first part of Theorem 10 under the 802.11 interference model follows from the property of an orientation of presented in [12] . For each node , we use Γ ( ) to denote the set of nodes satisfying that ( ) ≥ max { ( ) , ∥ ∥}. Consider a link = ( , ) ∈ with ( ) ≥ ( ). It is said to be dominated by another link ′ ∈ if ′ has an endpoint satisfying that either ∈ Γ ( ), or ∈ Γ ( ) and ∥ ∥ > max { ( ) , ( )}. If is dominated by a link ′ , then ′ is said to dominate . The lemma below establishes the existence of the domination relationship between two conflicting links. It was proved in [12] Therefore, the second part of Theorem 10 holds.
IV. CONCLUSION
The local pooling factor (LPF) of a multihop wireless network is exactly the throughput efficiency ratio of link scheduling strategy Longest Queue First (LQF). Under the 802.11 interference model with uniform interference radii, the LPF of a multihop wireless network was known to be at least 1/6 in [5] . In this paper, we further derived lower bounds on LPFs of more general multihop wireless networks. Specifically, under the 802.11 interference model with arbitrary interference radii, the LPF is at least 1/16. Under the protocol interference model, if the communication radius of each node is at most times its interference radius for some < 1, then the LPF is at least 1/ ( 2 (⌈ / arcsin 1− 2 ⌉ − 1 )) . These two lower bounds are applications of a general lower bound on the LPF of an arbitrary graph in terms of the inward local independence number established in this paper.
